We first show that if a graph G of order n contains a hamiltonian path connecting two nonadjacent vertices u and v such that 
Notation, Terminology and Introduction
We will consider only finite, undirected graphs, without loops or multiple edges. If G is a graph, we denote by V (G) the vertex set of G and by E(G) the edge set of G. If A is a subgraph or a subset of vertices, |A| is the number Theorem 1. (a) (Ore's condition, [3 
]). If a graph G satisfies Ore's condition that the degree sum of any pair of nonadjacent vertices is at least the order of G, then G is pancyclic or isomorphic to K n/2,n/2 .
(b) (Chvátal's condition, [6] ). Let G be a graph on n ≥ 3 vertices with vertex degree sequence d 1 
(c) (Fan's condition, [2] ). Let G be a 2-connected graph on n vertices. [7] ). Let G be a 2-connected graph on n vertices. 
If for all vertices x and y, distance (x, y) = 2 implies max {d(x), d(y)} ≥

If for all independent vertices x, y and z, we have d(x)+d(y)+d(z) ≥
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(e) [1] . If G is a hamiltonian, non bipartite graph of order n with minimum degree at least (g) [7] . If G is a hamiltonian graph of order n with a hamiltonian cycle x 1 , x 2 , ..., x n , x 1 such that d( We note that most of the previous results are proved by starting with a hamiltonian cycle and by considering two consecutive vertices on the hamiltonian cycle, as we will see in Lemma 1 below. However with the exception of (g), these results depend on the degree conditions of almost all vertices. Similar to Lemma 1, our new results verify that degree conditions on only two special vertices are sufficient to insure pancyclism or small cycles.
We will first consider graphs with a hamiltonian path. We will show that if the degree sum of the two end vertices of the hamiltonian path is at least n (the order of the graph) then the graph is pancyclic. It will be seen that this result is interesting not only by itself, but also for applications to finding cycles of small lengths. For example, using this result, we obtain several useful lemmas and show that if G is hamiltonian with order n ≥ 20 with two nonadjacent vertices u and v such that d(u) + d(v) ≥ n + z, where z = 0 when n is odd and z = 1 otherwise, then G contains cycles of lengths
being the distance of u and v on a hamiltonian cycle of G.
Main Results
First let us mention the following result which is implicit in the proof of the main Theorem in [3] .
one of the following forms (see Figure 2) : 
The indices in H will be taken modulo d so that c d+1 = c 1 .
we define an integer t k and a graph H k as follows.
Hence,
By Lemma 1, H k is pancyclic and has a C k of the form (1) or (2) . We note from the definition of H k that one of the following cases occur: (a) the C k contains an edge c d c j with j = 1, d − 1. In this case, in G we put
In this case
and
Therefore G has all cycles of length m for 4 ≤ m ≤ d, and all cycles of length m for n − d + 3 ≤ m ≤ n − 1. These cycles contain both u and v.
we have cycles of all lengths in G satisfying the requirement. The proof of Theorem 2 is complete.
The bound of the degree sum in the theorem is sharp for odd n. This can easily be seen from a complete bipartite graph
for any odd n. Corollary 2 (see [3] , Theorem 1 (a)). If n is odd and if the degree sum of any pair of nonadjacent vertices is at least n, then G is pancyclic.
Clearly then G is pancyclic. we get cycles of all odd lengths between 5 and n and G is pancyclic since it also contains a triangle. If G misses only a (n − 2)-cycle, then G is also pancyclic since
Corollary 3. Let G be a hamiltonian graph of order n. If there exist two vertices u and v at distance 2 on a hamiltonian cycle
From Theorem 2, we know that if a graph
..x p is a path of G such that u = x 1 and v p , with u and v nonadjacent, then G contains cycles of all lengths between 3 and and p. We now are interested in what can be said if we assume
In this case, we make an additional hypothesis on the neighbors of u and v in G − P and get the following result which will be useful in the proof of Theorem 4.
Theorem 3. Suppose that the endvertices u = x 1 and v = x p of a path 
For 2 ≤ j ≤ p − 2, at most one of the two edges ux j and vx f (j) can exist for otherwise the cycles 
vtzu is a cycle of length m. Therefore there exists an index i with 2 ≤ i ≤ p − m + 2 such that ux j ∈ E for all j between 2 and i and ux j / ∈ E for all j between i + 1 and
Finally, the existence of the edge ux i implies that ux i+m−2 is not in E (because of
Considering the case when u and v are adjacent, as a corollary of Theorem 1(g) with a proof quite analogous to the proof of Corollary 3, we have that if G is a hamiltonian graph of order n and if there exist two adjacent vertices u and v at distance d ≥ 3 on a hamiltonian cycle of G such that We now show some lemmas that will be useful in the proof of the next main result that gives a condition insuring the existence of small cycles.
Lemma 2. Let P = v 1 v 2 ...v q be a path and u 1 and u 2 two vertices not in P.
and if there does not exist an index i such that u 1 is adjacent to one of v i and v i+1 and u 2 is adjacent to the other one, then d
Suppose the hypotheses of (2) satisfied. Then for any v i ∈ N (u 1 ) we have
∈ N (u 2 ) and hence for any odd integer t with 1 ≤ t ≤ q,
This implies that the two previous inequalities are in fact equalities. We can easily deduce that q must be odd and
Lemma 3. If the graph G of order n has a two-path partition
).
P roof. Note that the upper bound on m can be written f ≥ 2m − 6 and n − f ≥ 2m − 6. By the symmetry between f and n − f , assume without loss of generality that 
Lemma 4. Let G contain a hamiltonian path
, there is at least one common nonadjacency of u 1 and u 2 . To show the claim, assume, without loss of generality, that u 1 v i ∈ E(G). Then by using the statements above, we deduce that if v i+m−2 and v i+m−4 are not common nonadjacency,
is a common nonadjacency. The claim is proved.
It follows that when q ≥ m + 2 and m ≥ 10, there is at least one common nonadjacency in {v 1 
] has at least two common nonadjacencies of u 1 and u 2 . When m ≤ 9 and q ≥ 16, there is one common nonadjacency in P [v 1 , v 8 ] and one in P [v 9 , v 16 ]. These give a contradiction of the degree sum condition if t = 2. So we assume t ≥ 3. Then if m ≥ 7, by considering the sets
−1, we know that there is at least one common nonadjacency in every set and so there are at least ≥ t common nonadjacencies in P. ¡  ¡  e  e  e  e  3  3  3  3  3  3  3  3  3  3e  e  e  e  e  ee  e  e3 3 3 3 3 3 3 3 3 Figure 3 This example shows that even if there exist in a hamiltonian graph two nonadjacent vertices whose degree sum is very large, this graph is not necessarily pancyclic. = G[c 1 , c 2 , ..., c p ] and  B = G[c p , c p+1 , ..., c n , c 1 and by n ≥ 13m − 19, p ≥ 12m − 16. In the remainder of the proof, the justification of all the omitted details is based on these inequalities.
This implies that
We begin with the proof of the following two claims and note that G 
